We mobilize both a generating function approach and the theory of finite Markov processes to compute the probability of irreversible absorption of a randomly diffusing species on a lattice with competing reaction centers. We consider an N-site lattice populated by a single deep trap, and N − 1 partially absorbing traps (absorption probability 0 < s < 1). The influence of competing reaction centers on the probability of reaction at a target site (the deep trap) and the mean walk length of the random walker before localization (a measure of the reaction efficiency) are computed for different geometries. Both analytic expressions and numerical results are given for reactive processes on two-dimensional surfaces of Euler characteristic = 0 and = 2. The results obtained allow a characterization of catalyst deactivation processes on planar surfaces and on catalyst pellets where only a single catalytic site remains fully active (deep trap), the other sites being only partially active as a result of surface poisoning. The central result of our study is that the predicted dependence of the reaction efficiency on system size N and on s is in qualitative accord with previously reported experimental results, notably catalysts exhibiting selective poisoning due to surface sites that have different affinities for chemisorption of the poisoning agent (e.g., acid zeolite catalysts). Deviations from the efficiency of a catalyst with identical sites are quantified, and we find that such deviations display a significant dependence on the topological details of the surface (for fixed values of N and s we find markedly different results for, say, a planar surface and for the polyhedral surface of a catalyst pellet). Our results highlight the importance of surface topology for the efficiency of catalytic conversion processes on inhomogeneous substrates, and in particular for those aimed at industrial applications. From our exact analysis we extract results for the two limiting cases s ≈ 1 and s ≈ 0, corresponding respectively to weak and strong catalyst poisoning (decreasing s leads to a monotonic decrease in the efficiency of catalytic conversion). The results for the s ≈ 0 case are relevant for the dual problem of light-energy conversion via trapping of excitations in the chlorophyll antenna network. Here, decreasing the probability of excitation trapping s at sites other than the target molecule does not result in a decrease of the efficiency as in the catalyst case, but rather in enhanced efficiency of light-energy conversion, which we characterize in terms of N and s. The one-dimensional case and its connection with a modified version of the gambler's ruin problem are discussed. Finally, generalizations of our model are described briefly.
I. INTRODUCTION
Experimental observations in surface catalysis have been analyzed using a variety of continuum and lattice models [1] . Aspects of catalytic behavior have been explored using classical chemical kinetics [2, 3] and diffusion-reaction theory. Studies based on a (Fickian) second-order partial differential equation with a linear dependence on the concentration(s) account for behavior in the near-equilibrium regime. Far-fromequilibrium phenomena (rate oscillations, spatial-temporal patterns and chaos) have been modelled by considering a nonlinear dependence on the relevant concentration(s) [4] . As for lattice models, the main focus has been on simulations, principally Monte Carlo studies on planar lattices. Effects of catalytic poisoning for specific reactions have been explored by designing algorithms, some general enough to account for "feedback" between surface concentration and absorption rate [5] [6] [7] .
In this study, we examine the role of competing reaction centers in influencing the overall efficiency of a diffusion-reaction process. In the problem of catalyst degradation, deactivation of reaction centers leads to catalyst poisoning, usually an unwanted effect (although in some systems it can enhance the selectivity of the reaction). By contrast, in the dual problem of photosynthesis, deactivation of all competing reaction centers in the chlorophyll antenna network except for the target molecule optimizes light-energy conversion.
The present contribution departs from earlier studies based on a lattice model in two important respects. First, in our lattice-statistical approach we place emphasis on obtaining analytic expressions to display the dependence of catalyst deactivation on such factors as domain size and extent of surface degradation. And second, we consider explicitly the geometry of the template. The surface of a planar lattice subject to periodic boundary conditions is characterized topologically by Euler characteristic = 0, whereas the surface of a catalyst pellet by = 2. Empirically, surface deactivation and turnover on these two templates (both of Euclidean dimension d = 2, and a domain specified by the number N of surface sites and their connectivity γ ) are known to be different, and this we will quantify using the lattice-statistical approach introduced here, as will now be described.
For a freshly prepared catalyst, with no sites "poisoned," a reactant hitting the surface can react at any site. In a lattice model, this situation would correspond to all sites being "deep traps." Considering now the effect of poisoning by some agent, one can distinguish two situations, viz., uniform degradation of the catalytic activity of all sites (which then play the role of identical imperfect traps) vs nonuniform site degradation. In the latter case, the simplest setting corresponds to the case where one site (the deep trap) remains totally active, but the N − 1 satellite sites are uniformly degraded, so that only with a certain probability s, catalytic conversion takes place at these satellite sites. Values of the probability s 1 characterize deactivation of the surface until in the limit s = 0 there remains only one fully active site. Such inhomogeneous poisoning of lattice sites is one of the common pathways leading to so-called selective poisoning, a well studied phenomenon resulting in nonlinear behavior of the catalytic activity as a function of poison concentration [1] . A fundamental question for current research in surface chemistry amounts to elucidating the role of substrate geometry.
Catalyst poisoning can have two effects. First, the number of catalytic sites (out of N sites in the domain) that can promote efficient conversion decreases; and second, the average distance that a reactant must diffuse before undergoing reaction (in lattice models, the so-called mean walk length n ) necessarily increases. It is in calculating this average distance, n , that differences in catalyst deactivation for planar surfaces versus closed polyhedral surfaces mimicking catalyst pellets can be quantified.
In this study, we mobilize both the method of generating functions and the theory of finite Markov processes to study catalyst deactivation. With respect to the latter approach, this study draws on two earlier studies [8, 9] , where a method based on the theory of finite Markov processes was presented to calculate numerically exact values of the expected walk length n of a random walker performing a Pólya walk on a regular d-dimensional N-site lattice with a single perfect trap (absorption probability equal to 1 as soon as the walker steps on the trapping site) and N − 1 imperfect traps (absorption probability equal to s when the walker steps on any other site). The sitespecific walk lengths of the walker from any/all sites of the host lattice are determined from the inverse of the fundamental matrix of Markov chain theory. This approach can be mobilized for any lattice (translational invariance is not a constraint), and hence can be applied to template topologies of either Euler characteristic . While, as a general rule, the Markovian approach does not lend itself easily to obtaining analytic results, its application leads straightforwardly to results which are numerically exact and satisfy key invariance relations.
We wish to take advantage of insights gained using both of the above strategies. By making use of the generating function formalism for random walks developed by Montroll and Weiss [10] , we rederive and significantly extend some results obtained previously [9] , thus establishing the relationship between the generating-function approach and Markov theory for lattices with competing reaction centers. The generating function approach is only easily applicable to translationinvariant lattices, and in this sense is less flexible than the Markov method. However, the approach has the significant advantage of providing a straightforward way of calculating higher order moments of the walk length (the moments are usually expressible in terms of suitable derivatives of generating functions). Using this method, it is usually simpler to find explicit, closed expressions for the moments in terms of lattice size N , rather than having to develop analytic solutions from numerical data generated for lattices of increasing size N using the Markov approach.
In light of recent work by Yuste, Abad, and Lindenberg [11] , we draw the reader's attention to the fact that homogeneous absorption at each of the imperfect traps may be interpreted as a special case of a recently developed generating-function theory for so-called "mortal walkers," i.e., walkers that have a finite probability of "dying" at each time step [11] . For purposes of the present study, that probability will be assumed to be stationary and homogeneous, although these restrictions can be relaxed in future work. The approach developed in Refs. [11] assumes translational invariance of the host lattice; in our lattice model this condition is implemented by imposing periodic boundary conditions on a planar template, and corresponds topologically to mapping the planar lattice onto the surface of a torus. The significant advantage gained in mobilizing the theory of generating functions is that analytic expressions can be obtained for the mean walk length (see Sec. II).
Placing the present study in a larger context, to the best of our knowledge the problem of random walks with competing decay channels seems to have received surprisingly little attention in the literature. Rosenstock was one of the first (if not the first) to address this problem, as he considered a walker subject to spontaneous emission moving on a lattice where a fraction of the sites are perfect traps [12] . He computed for various cases the probability that the walker dies by spontaneous emission rather than by stepping on a trap. Various authors subsequently elaborated further versions of this problem in different dimensions [13] [14] [15] . Several years later, Den Hollander and Kasteleyn considered a similar problem, a lattice with a periodic array of partially absorbing traps [16] . Evans and Nord reviewed the connection between the generating function approach and the Markov method for multiple trap problems [17] .
Finally, in a study of particular relevance to the problem studied here, Weiss [18] dealt with a random walk on a lattice with partial traps, each having different absorption probabilities. An expression was given for the probability of the walker being absorbed at a given trap in terms of generating functions. The examples given in that paper focused mainly on the case of one or two partially absorbing traps.
In what follows, we consider the case where all but one of the lattice sites have the same absorption probability. Thus, the walker is "mortal," i.e., it has a constant probability of "dying" per unit step as long as it does not step on the deep trap. In related applications, for example those describing spontaneous light emission or radioactive decay, background absorption can be regarded not as a property of the substrate but rather as a stochastic death process due to the intrinsic properties of the diffusing particle. However, we shall hereafter mainly focus on the problem of nonuniform catalyst degradation, where the absorption probability of each site is interpreted to be directly related to the (local) catalytic activity of the substrate.
The plan of the paper is as follows. In Sec. II we derive explicit formulas for the probability of the walker being absorbed at the deep trap and for the walk length for specific initial configurations of the walker and the deep trap (these two quantities are intimately related). We also give a general expression for the walk length n when the average over all possible configurations is taken. In Sec. III we briefly discuss the one-dimensional case and the connection with the so-called ruin problem. In Sec. IV we focus on the specific case of a d = 2 dimensional lattice subject to periodic boundary conditions and show how to recover and then generalize the results in Sec. V of Ref. [9] . In Sec. V we summarize the numerical results obtained for both catalyst surfaces and catalyst pellets, and compare them to results for the case where two deep traps are placed on a lattice with no background absorption. Finally, in Sec. VI we discuss the relevance of our analytical and numerical results to the experimental problem of catalyst deactivation.
II. GENERAL FRAMEWORK
We consider a random walker and an immobile deep trap placed at two different sites on an N -site, d-dimensional periodic lattice. The site at which the trap is placed is fully absorbing, whereas all other sites (including the one from which the random walker starts off, that is, the origin 0) are partially absorbing, with absorption probability s. Thus, two competing absorption mechanisms (one localized at the deep trap and the other distributed over the whole lattice) are at play. In the present problem, the deep trap represents a catalytic site that remains fully active, whereas the surrounding sites of the substrate are partially poisoned.
A. Quantities for specific walker-trap configurations
We first ask, what is the trajectory-averaged walk length n for a specific initial location of the trap with respect to the random walker. The position of the trap will be specified by the d-dimensional vector = ( 1 , 2 , . . . , d ) = 0. Following the convention used in Refs. [8, 9] , we take n ≡ 1 if the walker is trapped at the very outset. The kth order moment of the walk length is
where A n ( ) is the probability that the walker is absorbed after exactly n steps, which is the sum of the probabilities for two mutually exclusive events, viz., that the walker is absorbed at the deep trap or that it is absorbed at any other site. Let F n ( ) denote the probability that the walker reaches the deep trap exactly at the nth step conditional on its not having been absorbed previously at any other site [thus, F n ( ) plays the role of a conditional first-passage probability]. One then has
where U n ( ) ≡ 1 − n j =0 F j ( ) is the survival probability of the walker after n steps when sites other than the deep trap are nonabsorbing (s = 0). The terms on the right-hand side of the above equation have the following interpretation: the term (1 − s) n F n ( ) is the probability that the walker is not absorbed at any of the partially absorbing sites before the nth jump and that this jump results in stepping on the deep trap. On the other hand, the second term states that, in order to be absorbed at a partial trap after exactly n steps, the walker must have survived both absorption at the deep trap and at the partially absorbing traps during the previous n − 1 steps. The probability for this to happen is (1 − s) n−1 U n−1 ( ). Hence, we have
In particular, for k = 0 Eq. (1) yields the zeroth order moment:
where
is the probability that the walker terminates its walk at the deep trap, and
) is the probability that it is absorbed at any other site. These probabilities are most conveniently expressed in terms of generating functions. Introducing the generating function
In the last line we have made use of the fact that
n is the generating function for the probability P n ( ) of the walker being at the lattice site after exactly n steps in an unrestricted random walk [10(b) ].
On the other hand, A O ( ) can be written as
Hence,
, as required by the normalization condition for the splitting probabilities. We next turn to the equation for the first order moment of the walk length distribution, that is,
Equation (5) can be rewritten as follows:
or, in terms of generating functions,
By virtue of Eq. (4), one then has
which can be simplified to obtain
In terms of the generating function of the sojourn probability of an unrestricted walker, one thus has
B. Global quantities
In this subsection we study quantities that are averaged over a uniform set of initial walker-trap configurations (excluding the case where the walker and the trap are initially at the same location). Such quantities are obtained either by fixing the position of the deep trap and summing over the N − 1 possible positions of the walker that do not overlap with the trap (as done in Ref. [9] ), or by fixing the position of the walker and averaging over all possible positions of the deep trap (because of the symmetry of the system, both approaches are equivalent). Here, we choose the second option for convenience.
For the initial-condition averaged probability
A T ( ) of having absorption at the deep trap, Eq. (3) yields
where the key quantity
has been introduced. When deriving the above result, advantage was taken of the relation, P ( 0,z) + P ( ,z) = (1 − z) −1 , which follows from the normalization condition P n ( 0) + P n ( ) = 1 for an unrestricted random walk (recall that is only allowed to take values different from the origin). The generating function P ( ,z) drops out of the final result for the probability of absorption at the deep trap, and the above quantity is expressible solely in terms of functions of the generating function P ( 0,z) for the probability of return to the origin in an unrestricted random walk.
For the global walk length n = 1 N−1 n , a quantity that can be used to gauge the efficiency of the absorption process in experiments, we have
Equation (9) states that the mean walk length can be straightforwardly computed in terms of the probability of absorption at any of the partial traps. The connection between the zeroth and the first order moment of the walk length is not entirely surprising as, in the absence of background absorption, the moments of the distribution are also known to obey a hierarchy of equations [20] .
Note also that for increasingly large lattices the probability for the walker to be absorbed at the deep trap is dramatically reduced; if we fix s, A T → 0 as N → ∞ and thus n → s −1 , which is the value of the walk length on a lattice where all sites have the same absorption probability s.
The above limiting behavior is not surprising. Indeed, think of the "walker" as a radioactive isotope decaying according to an exponential law ∝e −λt as it diffuses on a homogeneous substrate (absorption is thus ascribed not to the substrate properties, but to radioactive decay). In discretized time, the probability to "die" upon performing a jump is s = 1 − e −λ t and thus one has s = λ t for small enough λ t. On the other hand, λ −1 is also known to be the mean lifetime of the isotope t = n t, from whence n = s −1 follows.
III. ANALYTIC RESULTS FOR A LINEAR CHAIN
Though the primary focus of the present work is on higherdimensional template geometries, it is worth noting that exact results for arbitrary values of s and N can be obtained for a onedimensional lattice subject to periodic boundary conditions (topologically, a ring with N lattice sites). In this case, we have Montroll's well-known (exact) result [10(a)]
After tedious algebra, the use of the above formula for n yields
Results calculated using the above expression recover exactly the exact numerical results reported in Table 1 of Ref. [8] , e.g., for N = 8 and for N = 20 with s = 0.1.
For strong absorption (s ≈ 1), the exact result (10) for the walk length can be expanded about s = 1 as follows:
For weak absorption (s ≈ 0) one has
Note that the first term on the right-hand side corresponds to the s = 0 case and is a well-known result by Montroll [10] .
The probability to die at the deep trap can then be obtained from the above results via the exact relation A T = 1 − s n . For asymptotic results, this expression can be expanded about s = 0 or s = 1.
A connection can be established between results obtained assuming no background absorption (s = 0) and the problem of computing the mean duration of a game in the classical "ruin problem" (see Feller [21] ). It is interesting that this correspondence also holds for the case studied above (s = 0). The latter situation corresponds to a modified version of the ruin problem where the gambler (or the bank) has a constant probability s of quitting the game spontaneously after each bet. Thus, the game may not only terminate by breaking the bank or going bankrupt, but also by spontaneous withdrawal.
IV. RESULTS FOR SPECIFIC PLANAR LATTICES

A. Correspondence between generating function approach and Markov theory
In order to test the validity of the theoretical expression (9) for the walk length in higher dimensions, we next focus on the particular case of a nearest neighbor, symmetric random walk taking place on a square planar lattice with periodic boundary conditions. For odd lattices, values for the walk length for particular values of the absorption probability s were computed from the solution of a Markov model and given in Table V of Ref. [9] . From the analysis of these data, a dramatic decrease in the mean walk length with respect to increase in the absorption probability was found.
To recover these results using the generating function approach, we make use of Eq. (9) in conjunction with the generating function for an unrestricted walk on a rectangular planar lattice of N sites, where N = L 1 × L 2 :
.
In what follows, we focus primarily on the case of the square planar lattice (L 1 = L 2 = L):
Taking Eq. (11) as a starting point, we have obtained rational expressions in terms of s-polynomials for the global walk length given in Table I . These expressions are in perfect agreement with the Markov results obtained for odd squareplanar lattices and specific values of s; see Table V of Ref. [9] . In Table II , we also provide additional results for the first few even lattices. As the lattice size N becomes larger, the results converge to s −1 from below, i.e., lim N→∞ n = s −1 . According to the statistical arguments given in [9] and in Sec. II of the present paper, this is the average walk length that would correspond to a walker wandering in a lattice that has been made homogeneous by replacing the deep trap with a partially absorbing site equivalent to the ones surrounding the trap. In the limit of a large lattice, the influence of the deep trap becomes of increasingly less consequence and the results become indistinguishable from the case of a single decay channel.
Finally, in Table III we give for completeness the polynomial expressions for the global absorption probability at the deep trap A T = 1 − s n for the first few square lattices as well as for the 3 × 2 lattice. Representative results are depicted in Fig. 1 , displaying a dramatic decrease of A T with increasing values of N , and the correct behavior in the limit s → 0 and TABLE I. Analytic results for odd, planar lattices: s → 1. The analytic results for n inferred from the A T values given in Table III can be compared with those reported earlier for the global absorption probability for random walks on the surface of five polyhedra, the Platonic solids [22] ; see Table IV .
B. Large-s limit (minimal degradation)
The analytical results depicted in Tables II and III are exact and valid for small lattices of increasing size. In the limit of s close to 1 and of s close to 0, rather general results can be obtained. For a catalyst, the first situation would correspond to weak poisoning, whereas the second limit would correspond to strong poisoning (see Sec. IV C.).
In this subsection we discuss the limit of weak poisoning, which corresponds to z = 1 − s ≈ 0 + . In this case, P ( 0,z) can be expanded as follows:
This expansion follows by using the expansion (1 − Cz) 1 . Initial-condition averaged probability A T of absorption at the deep trap as a function of the absorption probability s of the partially absorbing sites. The different curves correspond, from top to bottom, to N = 4 (2 × 2 lattice), 6 (3 × 2 lattice), 9 (3 × 3 lattice), 16 (4 × 4 lattice), and 25 (5 × 5 lattice). P ( 0,z) [Eq. (11)], and subsequently using the relation
to compute the coefficient of the z 2 term. Inserting the expansion (12) into Eq. (7) and expanding once again the resulting expression in powers of 1 − s one finds
and hence
The case of the 2 × 2 lattice must be treated separately, since in this case
. Accordingly, a similar calculation as the one outlined above gives
and
C. Small-s limit (significant degradation)
In order to obtain results corresponding to the limit of strong poisoning, we first split the generating function P ( 0,z) in a standard fashion, namely, as a sum of a part which is singular as z → 1 and a nonsingular part ( 0,z),
We now take advantage of the well-known form of the asymptotic expansion for P ( 0,z) (see, e.g., Ref. [16] ):
where the lattice size expansion of the coefficients ≡ ( 0,1) and ≡ ( 0,1) ≡ ∂ z ( 0,z)| z=1 reads as follows: (13) into Eq. (7) and using the expansion
Inserting the asymptotic expansion
it follows that
If one retains all of the above terms in the lattice size expansions of and , this formula yields very good results even for small lattices. For instance, in the 2 × 2 case the formula gives A T = 1 − 3.399 18s + 8.5001s 2 , whereas the Taylor expansion of the exact result about s = 0 gives A T = 1 − 3.3333s + 8s 2 . For the 3 × 3 case, the agreement is already very good; one finds A T = 1 − 8.9853s + 72.7776s As for the walk length, from the relation n = s
In the limit of a very large lattice (N → ∞) one obtains the asymptotic expressions
where the first term on the right-hand side corresponds to the well-known Montroll result [10(c)], and the second term is the leading order correction for background absorption.
V. EXACT RESULTS FOR PLANAR LATTICES AND POLYHEDRAL SURFACES
Displayed in Tables V and VI are representative numerical results on catalyst degradation obtained from a Markov theory approach similar to the one used in Refs. [8, 9] . The starting point of this method is the linear set of equations
for the site specific walk lengths, where p → represent the transition probabilities from a specific nontrapping site to nearest-neighbor sites (in the above equations n is taken to be zero if it corresponds to the location of a deep trap). The transition probabilities obey the normalization condition, i.e., p → = 1. Once the site specific walk lengths have been found, the global walk length follows as n = 1 N−1 n . In most cases, the number of equations in the above linear system can be reduced by lumping symmetry-equivalent sites into a single state of the underlying Markov chain. Last but not least, we note that Eq. (14) can be derived from the master equation for the sojourn probabilities P n ( ) and the associated generating function P ( ,z) of an unrestricted random walk by standard techniques [cf. Eq. (6)].
Companion results are presented in Table V for the walk length (whose inverse is a measure of the reaction efficiency of the substrate) for a template having N = 6, 54, 96, 150 sites modelled as a planar surface (lattice subject to periodic boundary conditions) vs a polyhedral surface, both surfaces having a single, fully active catalytic site and N − 1 surrounding satellite sites of specified activity, 0 s 1. Numerical results for planar lattices subject to periodic boundary conditions can be obtained either by using the generating function approach or Markov theory. Values for polyhedral surfaces are (only) obtained using Markov theory.
To contrast the results obtained above for the case of a single, fully catalytic site (deep trap with absorption probability T = 1) and N − 1 partially absorbing satellite sites (s = 0), we present in Table V values of the walk length for two catalytically active sites (both with absorption probability T = T * = 1), maximally separated, on the designated planar or polyhedral template, the catalytic activity of the remaining N − 2 satellite sites totally suppressed (s = 0).
Focusing on the walk length, Table VI gives a more detailed accounting of the differences between the planar surface and the polyhedral surface for the particular case, s = 0. A centrally located active site on a polyhedral face is designated "1," a nearest-neighbor site to site 1 is designated "2," etc.
Conclusions and trends drawn from the results displayed in Tables V and VI will be presented in the following section.
VI. DISCUSSION
We have developed a lattice-statistical approach to study systems with competing reaction channels, focusing on the problem of catalyst deactivation. We have taken advantage of two complementary theoretical strategies, the first based on the use of generating functions, and the second on the theory of finite Markov processes. Each of these two approaches has particular advantages, and we shall draw on results obtained using both approaches to discuss the catalysis problem addressed here.
One of the first applications of the theory of generating functions was to a problem of fundamental importance in biophysics. Montroll [10(c)] considered the random motion of an excitation on the chlorophyll antenna network (modelled as a lattice) before being localized at a preferred site, subsequently triggering the photosynthetic process. Later work on this model explored the consequences of competing reaction centers, and their effect on the efficiency of the process [9] . In the latter study, a dramatic dependence of the mean walk length n on satellite-site trapping probability s emerged, namely
The catalyst deactivation problem considered here can be regarded as the "mirror image" of the chlorophyll antenna problem. In the latter, small changes in s in the vicinity of s ≈ 0 compromise dramatically the light-energy conversion efficiency and the limiting value (above) is approached asymptotically. In the catalyst degradation problem, the scenario is exactly the reverse. For an "ideal" catalyst, all sites N lead to conversion, and their degradation (values of s decreasing from s = 1) gradually changes the efficiency of the process, with complete "poisoning" in the regime s → 0. Thus, the optimal regime for photosynthetic activity is in the vicinity s → 0, whereas the optimal regime for catalytic activity is in the range s → 1.
Focusing specifically on catalyst degradation, the results presented in Table V for catalysts defined by small domains (relatively few active sites N ) show that n is less sensitive to poisoning of closed polyhedral surfaces mimicking catalyst pellets than on planar surfaces, whereas exactly the opposite situation pertains for larger system sizes. One possible conclusion that can be drawn from these data is that nanoparticles are likely to be more immune to poisoning than nanosurfaces, with the situation reversed above a critical domain size.
If one associates the mean walk length n with a mean time τ for conversion and the inverse τ −1 to an estimate of the rate constant, departures from the 1/s dependence of the inverse rate constant (associated with a nonlinear dependence of the rate constant on concentration, see below) have been [23] . Although poisoning on a Pt foil and poisoning on (an imagined) Pt pellet would both exhibit an eventual 1/s dependence on CO concentration, the approach to this 1/s dependence is analytically different for the two geometries. The simplest case for which results can be compared directly is for a template of N = 6 active sites. For a nanosurface of N = 3 × 2 = 6 sites, the behavior is (cf. (this result can be derived using either the generating-function approach or Markov theory). In contrast, for a nanopellet (Table IV) , the dependence is [22] n = (2/5)(−13 + 3s)/(− 1 − 4s + s 2 ).
The numerical consequences of opting for one or the other of these topologies for domain sizes N > 6 are documented in Table V for various settings of s. As s decreases, the walk length is seen to increase faster on a planar surface than on a polyhedral surface. Already for the next domain size reported in Table V , a support having N = 54 active sites, the behavior is the opposite, i.e., poisoning of a catalyst surface is of somewhat less consequence than for a catalyst pellet. Such behavior is also observed for N = 96 and 150.
Two topologically distinct models of a catalyst template have been considered in this study, the first a planar surface (a discrete lattice subject to periodic boundary conditions with Euler characteristic = 0) and the second a pellet (a cube with domains of square-planar symmetry on each of the six faces with Euler characteristic = 2). Since catalysts are neither "perfect" planar surfaces nor "perfect" cubes, it is important to address the relevance of our results to "real" catalyst geometries.
We begin by noting that only passive diffusion is considered in this study, that is, we assume that a species migrating on a template having a specified array of reaction sites is not subject to any distance-dependent, long-range forces. In this case, for a given specification of , the surface being modelled can be diffeomorphically distorted into any topological shape provided no "cuts" or other disjoint seams are introduced. All that matters is the Euclidean dimension of the lattice (here, d = 2), the total number N of lattice sites defining the domain, and their connectivity γ (here all sites are of uniform coordination, γ = 4). Topologically then, an "ideal" planar or polyhedral surface can be deformed into any geometry having the same Euler characteristic (however "irregular") and trends deduced from results calculated for a given setting of [N,d,γ ] remain valid.
The results reported in Table V have relevance to the problem of chip design. Presented there are values of n calculated for one fully active catalytic site, with N − 1 satellite sites assigned a range of values, s = 0. These can be compared with values of n for the case where the full catalytic activity of two sites is maintained (both are "deep traps") but the catalytic activity of the remaining N − 2 satellite sites totally suppressed (s = 0). Spatially, the two active sites are specified to be maximally separated on the template. We find that there is a crossover value of the satellite absorption probability s for which n values calculated for both chip fabrications are in correspondence. This crossover value of s shifts to smaller values as the lattice size N increases. Thus, the catalytic effectiveness of a few (here two) fully active sites on a small chip can match the catalytic activity of a companion chip with a single active site and N − 1 partially absorbing sites. It is noteworthy that this correspondence can be maintained for larger chip sizes only if satellite reactivity is further suppressed. We suggest that this feature may be important in the design of nanosystem sensors.
The consequences of assigning different positions of a catalytically active site on the surface of a polyhedron of N sites are explored in Table VI . Numerical differences in values of n can be significant. By contrast, all sites on a planar lattice for which translational invariance holds are equivalent, so the calculated walk length to any assigned site remains invariant. However, for planar templates of arbitrary shape translational invariance may be lost, in which case the Euler characteristic reverts to = 2, all sites are not equivalent, and, like an arbitrary (non-Platonic) polyhedral surface, the calculated mean walk length will depend on the position of the catalytically active site(s) with respect to the boundary of the domain.
To summarize the principal results of our study, we have shown that the presence of competing reaction channels can have a dramatic effect on the efficiency of the underlying diffusion-reaction process. We have quantified the role of system geometry (specified by the domain size N , dimensionality d, connectivity γ , and Euler characteristic ) and site-specific reaction rates (as gauged by the absorption probability s). While our lattice model is admittedly a schematic characterization of a real catalyst system, it has the virtue of capturing essential behavior, thus contributing to an understanding of the interplay between reactivity and surface geometry.
For a catalyst with all sites being identical, the 1/s behavior of n has the following implication. If the site degradation probability p = 1 − s is assumed to depend linearly on the concentration c of the poisoning agent, then the efficiency of catalytic conversion as measured by the normalized rate 1/ n will follow a linear law in c. However, for a small enough catalyst it is enough that a single site remains unaffected by poisoning to see how a more complicated (nonlinear) c dependence can arise.
Nonlinear dependencies of the efficiency of catalytic conversion on c are well documented in the literature (see Ref. [23] ). For example, as is often the case for the protonic sites of acid zeolites [24] , selective poisoning due to differences in the affinity of individual sites with respect to the chemisorbed poison species can occur. Even in a scenario where only a single site remains fully active (considered in the present study) the calculations reveal that the observed deviations from linear behavior in c are very sensitive to the topological details of the surface. Such deviations have been characterized in detail by analysis of some representative examples.
The importance of providing a detailed characterization of geometric effects in heterogeneous catalysis and their relevance to industrial applications is self-evident. A straightforward generalization of our model would allow more realistic scenarios involving more than one fully active site or even a random collection thereof (in Ref. [25] specific cases have been addressed with Markov methods, but a more comprehensive understanding of the interplay between geometry and reaction kinetics is needed). Certain cases with two fully active sites have already been studied here, and we note that our results for odd square planar lattices may be relevant for systems with more than one fully active site. Indeed, the problem of computing the walk length distribution for an odd square planar N -site lattice with periodic boundary conditions is mathematically equivalent to computing the same distribution for a lattice composed of an arbitrary number of juxtaposed lattices identical with the original one. Since the original N -site lattice is replicated several times, one ends up with more than one trap in the final lattice. Large (small) values of the sublattice size N would correspond to a dilute (high) concentration of reaction centers (deep traps).
The present study is in the same genre as other lattice models reported in the literature which capture salient features of catalysis, for example the now-classical Ziff-Gulari-Barshad model for the oxidation of carbon monoxide to carbon dioxide on a catalyst surface [26] . That said, to provide a more realistic description of real systems, the present work can be extended in several directions. From the point of view of catalyst deactivation, the effect of introducing more complex inhomogeneous landscapes is of interest as is introducing time-dependent absorption probabilities and considering down-range forces between the diffusing reactant and an ensemble of reaction centers. We anticipate that interesting kinetic effects will arise when the assumption of reaction irreversibility is relaxed or mobility of reaction centers is introduced. Progress along these lines will be reported in the near future.
